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Abstract. We consider an operator P which is a sum of squares 
of vector fields with analytic coefficients. The operator has a non- 
symplectic characteristic manifold, but the rank of the symplectic 
form a is not constant on Char P. Moreover the Hamilton foliation 
of the non symplectic stratum of the Poisson- Treves stratification 
for P consists of closed curves in a ring-shaped open set around the 
origin. We prove that then P is analytic hypoelliptic on that open 
set. And we note explicitly that the local Gevrey hypoellipticity 
for P is G^^^ and that this is sharp. 



1. Introduction 

The purpose of this paper is to study analytic hypoelhpticity for 
some sums of squares of vector fields having a non trivial Poisson- 
Treves stratification. By this we mean that the stratification has non 
trivial deep strata. 

After Treves introduced the Poisson stratification associated to a sum 
of squares of real analytic vector fields ([ISj, jl]), Ranges, 0, observed 
that if we look at analytic hypoellipticity in the sense of germs, there are 
operators with a non symplectic characteristic set which are analytic 
hypoelliptic in the sense of germs. Subsequently in j3] a class has been 
defined basically having the same properties of the Ranges operator and 
being analytic hypoelliptic in the sense of germs. It was also remarked 
that this fact is in no contradiction with Treves' conjecture roughly 
stating that a sum of squares is analytic hypoelliptic if and only if 
every stratum in its stratification is symplectic. 

In all known examples we have analytic hypoellipticity in the sense of 
germs when the characteristic manifold is non symplectic and is actually 
a stratum of the stratification, which implies that the symplectic form 
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a = A dx has constant rank. Moreover the canonical 1-form uj = 
^dx does not vanish. This imphes that the characteristic manifold has 
particularly simple microlocal models. 

Moreover the bicharacteristic curves, i.e. the Hamilton leaves of the 
foliation, are closed curves foliating a given neighborhood of a charac- 
teristic point on which hypoellipticity in the sense of germs is obtained. 

In this paper we study two different cases. The first is that of a sum of 
two squares for which the Poisson- Treves stratification has a simplectic 
"surface" stratum and a deeper non-symplectic stratum. The leaves of 
the Hamilton foliation are closed and foliate a certain open subset of 
the stratum: 

P{t, X, Dt, D,) = Dl + [x^D2 - X2D^ + t\x^D^ + xs/^s)]', 

for k > 2 (see Section 2 for more details on its stratification). 

It is well known that the above operator is G^"*"^ hypoelliptic and not 
better when k > 2, and is analytic hypoelliptic ii k = 1. 

We prove the following 

Theorem 1.1. Let k > 2 and P be as above. Let U be an open subset 
ofM? in the variables {t,Xi,X2) projecting on an annulus of the form 
Ti < \x\ < r2 and containing points where t = 0. Then P is analytic 
hypoelliptic (in the sense of germs) at points in U fl S2. 

For the proof we need to use ideas, specifically localizations of high 
order derivatives adapted to the problem at hand and less straightfor- 
ward than those of jT2|, Jl], introduced by Derridj and Tartakoff in 

Finally we discuss also another model operator which does not have 
closed orbits; in this case the orbits foliate an annulus in the x- variables, 
but have ur- and a-limit sets that are closed stationary orbits (see e.g. 

IHl)- 

In this case we have analytic regualrity of the solution if the closed 
limit sets do not intersect the analytic wave front set of the sulution. 
We do not attempt to prove any sort of analytic hypoellipticity in the 
sense of germs in this case, since the fact that the orbits are not closed 
does not seem to allow this. 
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2. Proof of Theorem ll.lt Some preparations 
For A; G N, A; > 2, let us consider the operator 

(2.1) P{t, X, A, D^) = Dl + [0:1^2 - + t\x^D^ + X2D2)]\ 

in the region < ri < r < r2,r = = (xi,X2) € M^. 

The Poisson- Treves stratification for P above is given by 

(2.2) El = {r = 0,Xi6-a;26+i'(a;iei + X26)) =0,t^0}; 
E2 = {r = 0,t = 0,Xi6-X2ei = 0,e=(6,e2)7^0} 

= S2, for j < fc, 
Sfe+i = {0}, 

where the last equation means that Sfc+i is just the zero section of 

We explicitly remark that Si is a symplectic submanifold of codi- 
mension 2, while E2 is not symplectic. Moreover Ei U S2 = Char P. 
Let us denote by 

(2.3) Xi = A 

(2.4) X2 = XiD2-X2Di+t\xiD^ + X2D2) 

= De + t''Dr = De + R 

so that 

(2.5) P = X^ + Xl 
with 

(2.6) [Xi,X2] = kt^-^R, and [R,Xj] = 0,j = 1,2. 

We have the a priori estimate 
(2.7) 

ll^ll W) + ll^i^ll' + ll^2t;f < C{\{Pv,v)\ + Wvf} , ^; e C^. 
where || ■ || denotes the L^-norm in x R^.. 

2.1. The general scheme. Since the operator is subelliptic, the solu- 
tion will be in C°°. Additionally, since for t 7^ 0, the characteristic man- 
ifold of P is symplectic, we know the solution is analytic for t 7^ 0. With 
a localizing function '^{r) to be made precise below (but of Ehrenpreis 
type), and exploiting the maximality of the a priori estimate satisfied 
by P, we will study ||v9X^'^^'u|p, each occurance of X being Xi or X2. 
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Using the a priori estimate effectively will require moving one X to the 
left of if but this will not present a problem in the ensuing recursion. 

We will immediately be led to estimate the bracket \ {[P, ipX'^ju, (pXPu)\. 
Upon iteration, using ITBl we arrive, after at most p iterations of the a 
priori estimate, to terms of the form 

(2.8) Cl\\{X)ip^P+^^uf or ClCp\\\\{X)ipRP^\f 

and of course all the intermediate terms with some derivatives on ip, 
some powers of p, and some powers of R, all with the generic bounds 

CCVII(^)<^^^^^"«II with pr^b + 2a. 

Here p\\ = p{p — 2) (p — 4) ... , the value of C may change from line 
to line but always independently of u and the order of differentiation, 
and underlining a coefficient indicates the number of terms of the form 
which follows that occur. Finally, writing {X) means that an X = Xi 
or X2 may or may not be present. 

When all X's have been consumed in this way, we may no longer 
iterate effectively, and we must turn our attention to pure powers of 
R, suitably localized. This will require a new localizing function and 
a construction we denote (-R'')^ reminiscent of [12] and [12], or more 
precisely [?], which requires a special vector field M which commutes 
especially well with both Xi and X2, namely reproducing Xi or gener- 
ating R. 

2.2. The vector field M and the localization. We are fortunate 
to have a 'good' vector field M at our disposal which reproduces R by 
bracketing with X2: with 

(2.9) M = ^Dt, 
we have 

(2.10) [M,X2]=R 

As localizing functions we shall use a nested family of Ehrenpreis- 
type functions as used by the second author in ^2] , ^H] • Given N & N, 
the band r G (ri,r2) will contain log2A^ nested subbands, Qk = {r ■ 
ri^<r < r2 J, ri„ = ri, =r2,k< logg N, with 

(2.11) 4 = ri, - ri,_^ = r2, - r2,_, = (rs - n)-^ 
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(so that J2 1^2 — ri) and functions = 1 on Qk and supported in 
flk+i, such that with a constant C = Cr^-m 

(2.12) \ipf{r) \ < (C/dkY+^Ni for i < = N/2^-\ 

The functions ipk, but not the constant C, depend on the choice of A^. 
In fact, we shall double the number of these functions, for technical 
reasons, ipi,ipi,ip2,(p2, ■ ■ ■ with (pj and (pj satisfying the same growth 
estimates. 

We note in passing, and will use later, that the growth estimates 
()2.12|1 imply the (weaker) growth estimates 

(2.13) (r)| < {C'/dkf'^^'i\ for i < = N/2^-\ 

(using the fact that y^^'^ < e for y > 1.) 

Given the definition of M above, and for p G M large and j G 
{0, 1, . . . ,p} we define the expressions 



(2.14) ^ = E4-7 



1 

j'=Q •> 



where the a^-, denote rational numbers satisfying properties that shall 
be made precise below which optimize commutation relations. 

Finally we define our localizing operator, which is equal to W where 

= 1. We let 



V 

(2.15) % = ^ ^^^NjW~^ = Y^{W^)NjW-^ 

3=0 j=0 

2.3. The Commutation Relations for K^. For two vector fields Z 
and Z we shall frequently use the formula 

(2.16) [Z^Z]=^(^)ad|(Z)Z^■-^ 

fc=l ^ ^ 

where 

8.dz{Z) = [Z,Z], a.d%{Z) = [Z,[Z,Z]] 

et cetera. 
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2.4. The bracket [X2,R^]. We first compute the commutator of X2 



with Nj. We have 

IX,. N,] = ± ^1 = -fl' t "J. E ^T^^fi. 

j'=i ■ j'=i e=i ' ^-^ '' 

since 

[X2, M] = -t'^i?. 
We seek to find coefficients a'-, so that 

which will ensure that the bracket [X2, i?^] is free of the (poorly con- 
trolled) vector field R (see below). Using (??), the necessary condition 
is that the a^-, must satisfy 

(2-17) EE47[7:^ = E«r 



or 



(2-18) 



s=l 



for£ = 0,l,...,j-l. 

We shall come back to condition ()2.18|) later; for the time being we 
may conclude the following 

Lemma 2.1. With the coefficients a^-, chosen as above, 

[X2,N,] = -t''N,,iR, 

for every j G N. 
Proposition 2.1. 

Proof. Using the above Lemma we have, for these a^, 

p p 
[X2, RP] =t''J2 V^^^^^NjRP'^ -^''Y^ y^^^^Nj_iRP+^-^ 

j=0 j=l 
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□ 



2.5. The bracket First remark that 

(2.19) adL(Xi) = (-\\ Xi, 



k 



for every £ G iV. Therefore, 



j'=i ■' ' j'=i i=\ ^ / • VJ 

so that we have 

(2,20) |A-,.fi'J = t*'«(-.Vi)tE4 

J = l j'=l ^=1 ^ / ■ \J }■ 

Our next goal is to prove the foUowing lemma: 

Lemma 2.2. For every j E N and £ G {1, . . . , j} t/iere exzsi real con- 
stants 6s, s = 0, . . . , j — 2, such that 



(2.21) ^-E^. 

/l=l ^ ^ /l=l 



„e+h-i 



The above Lemma has an easy consequence: 

Lemma 2.3. For every j G N i/iere exist real constants js, s 
0, . . . , j — 1, such that 

(2.22) EE4(-i) H(737^ = E-'-'^- 

Proof of Lemma \2. M The identity (j2.22j) can be restated as 

S = j' = S + l \ / \J J g^Q ^^Q 

or 
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From which we get 



1 4 {-D 

j'=e+i ^ ^ 



1 



Now the latter identity can be rewritten as 



• / 1\ 1 

/i=i ^ ^ ■ /i=i 

for any i = 1, . . . , j — 1, and this is in the statement of Lemma [2 .21 □ 



Proof of Lemma \2. M In order to prove Lemma [2 .21 we must analyse the 
recurrence relation ()2.18p : 

1 

E3 _ _ i-1 



h=l 



for£ = 0,l,...,j-L 

Another way of rewriting the above relation is the following: 



(2.23) 



■1 ^ ■■■ 
1 ■■■ 



1 i_ 

0-1)! j\ 
1 1 



0-2)! (j-1)! 



"ai" 










i-i 



■■■ 1 ^ 
■■■ 1 



Note that on the left hand side there are no terms of the form Oq , which 
means that we are free to choose those coefficients. We shall choose 
Oq = 1 for the sake of simplicity, leaving the others undetermined. 

We point out that the matrix in the above formula is clearly invertible 
and that it can be written as 



1 



1 



^] ^ 2! 3! jV^ 
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where Jj denotes the standard j x j Jordan matrix 



J, 



'0 1 

1 









0" 





1 
1 




Using, for example, formula ()2.23p we may easily see that, inverting the 
matrix, we obtain 

"Co Ci ■ ■ • Cj_2 Cj-{ 
Co ■ ■ ■ Cj_3 Cj_2 



(2.24) 



i-i 



■ ■ ■ Co ci 

.0 ■■• Co 

where Cq = 1, Ci = — |f and the other Cm can be computed by a tri- 
angular relation. In particular, using the structure of the matrix, we 
obtain that 



(2.25) 



3 J 



Co Ci 

Co 







Cj-e-3 Cj-e-2 



Co 





Cl 
Co 



J-1 



for£ = 0,l,...,j-l. 

Another way of writing the above identity is 

j-i 



(2.26) a 

ioT h = l,2,...,j -i. 
Iterating, we get 



e+h 



s=h 



-t+h 



Ej-t-i 
Cs-hC'e-t-l+s' 

s=h 



fort = 0,1,..., 
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Let US now fix an /i G {1, . . . , j — £}. Then we have 



Ei-i 
Csi-/iO,£_i+s 

si=h 

si=h S2=si 

j-e j-e j-e 



j-h 

h 



si=hS2=si Sh=Sh-i 

The latter sum can be written as 

j-e j-e j-i 



j _ /i j-h I \ ^ \ ^ j-h 

^e+h ~ ^O^e ' 2-^ 2-^ 2-^ ^si-hCs2-si - ■ ■ Cs^-Sh-i'^t-h+Sh 



Si=h S2=Si ^h—^h — l 

Sh>h 

j-e j-e j-e 



si=hS2=si Sh=Sh-i Sh+i=Sh 
Sh>h 

The latter sum allows us to compute the coefficient of a;^"^~\ by picking 
all terms for which one of the Sj is equal to /i + 1, for j = 1,2, . . . , h + 1. 

Iterating this procedure, i.e. using the recursion relation until we 
obtain a coefficient a* where the lower index is equal to i, we may 
express the coefficient linear combination of a^; the above 

formulas show that we may actually write 

j-e-h 

(2.27) = J2 

cr=0 

for h= 1,2,. - i. 

We point out explicitly that up to this point we have only used the 
recurrence relation ()2.18|) . Let us now denote by Ah the collection of 
real numbers Ah = (—k^^)^h\~^. Then it is evident that 



j-e j-e-i 

J2 ''Uh^h = J2 



'j—e—cr^£ ' 



h=l (T=0 

where Sj-i-a- = Si=i ^h, and this is the statement of the Lemma. □ 
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Lemma 2.4 (See jS] and ^D])- Let us consider the recurrence relation 



8 = 1 



Setting 
(2.28) 



(0), 



we obtain a solution of the above recurrence satisfying the boundary 
conditions a^- = 1 and Qq = (— !)■', j > 0. Moreover this is the only 
power series with rational coefficients satisfying 112.18^) and the above 
boundary conditions. 



Proof. By a simple computation we have 



1 



e* - 1 



0-1-^) 



(0) 



(j - 1 - £)! \ Ve* - 1 

j-i-i 

E 

h=0 



(0) 



{j-l-i-h)\ 



1 



(0) 



ih + 1] 



. 1 



p=l 



Where we used the fact that 
1 /e*-l 



(h) 



(0) 



{h + iy.- 



Moreover we have a^j = 1 for every j > 0. As for the other boundary 
condition, first we remark that 



an = -7 



e* - 1 



(0), 
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i.e. Qq is the coefficient of P in the power series of Q{t), 

Q{t)- 



t 



.e* - 1 

Thus 



1 ri 1 ^'+" 



where 7 is a smooth curve encirchng the origin in C. 

Changing variables w = — 1, so that the origin is mapped to the 
origin and 7 is mapped to another smooth curve encirchng the origin 
that we still denote by 7, we have 

On = 

° 2i7T 

The uniqueness is proved in [10 . This end the proof of the lemma. □ 



w 



As a consequence of the preceding Lemmas we may now state the 

Proposition 2.2. The commutator of Xi with the localizing operator 
has the form 

(2.29) [X^,R^^] = -X,J2^^K^t~l 

where ip^^^ denotes the j-th derivative {rdrYip and 6e = Yli pr^ < 1- 

From Lemma f2. 41 we have the 
Corollary 2.1. For every j > and i G {0, ■ ■ ■ ,j} we have 

for a suitable universal positive constant c. 
Proof. From (j2.28p we have that 

where 7 is a circle of fixed radius around the origin. Since the func- 
tion under the integral sign may be estimated by a positive constant 
(depending on the radius of 7) raised to the power j, the corollary 
follows. □ 
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3. Proof of Theorem 11.11 

In this section we prove that P is analytic hypoelhptic in any open 
set of the form = {(t, x) G | ri < |x| < r2,t e {-6, 6)},6 > 0. 

The maximal estimate may be restated to allow X to appear to the 
right or left of the localizing function (where ip' = Xtp): 

(3.1) UXPuWl + WX^uf + uxp+\f < 

k 

<\{Pi^X^u,i;X^u)\ + U'XM\' < 
< \ {ijXPPu,^ljXPu) \ + \ i\X\ijXP]u,ijXPu) \ + WX^uW 

Now 

\{\X^,ijX'P]u,ijX'Pu) \ < \i\X,ijXP]u,X^ljXPu)\ + \i\X,ijXP]Xu,ijXPu)\ 
< I {^'XPu, X^X^u) I + p\ {t^-^ijRXP~\, X^jX^u) I 
+ |(^XPXu, ^Ij'X^u) I + p\ {t'^-^^X^Ru, tpX^u) I 
< e {WXtfjXPuW^ + \\tljXP+\f} + Ce{\\ij'XPuf + {p\\^XP-^Ru\\f} 
where we have freely exchanged and tp' on the two sides of the inner 
product when no derivatives intervened. Note that [X, R] = 0. 
In all, 

UX^ufr + wx^x^uf + uxp+\f 

k 

< UXPPuf + WtP'XPuf + {p\\tljRXP~\\\y 
Iterating this inequality until there remain no X's on the right, 



2 

L2 



(3.2) UXPuWl + WXtfjXPuWl, + \\ijXP+^u\ 

k 

<C^( sup {p'^Wij'^'^R'^XP-^-^'^PuWl^} + sup (/IIV'^'^^'^mIIl^)' j • 

[j+2d<p j+2d=p J 

The first term on the right can be estimated directly (even taken 
to be zero, using the Cauchy-Kowalevska theorem). For the second, 
we will take the localizing function out of the norm and introduce one 
of the {R'^)^ = R"^ on the support of ip. Thus for such ip, and taking 
Pu = for simplicity, 

(3.3) 

||^X^'u||i + ||XV^XPm|U2 + ||^Xp+^m|U2 < sup /sup|V^(^')|||(i?'^)TM|U2 

* j+2d=p 
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For convenience we recall the bracket relations and the few important 
definitions (for generic </?): 

b-l 

e=o 

M''' t 

6'=0 

As above, we use the a priori estimate, but now on v = {R^)i^u : 

(3.4) \\iR%u\\l + \\X{R%uf + \\{R\Xuf < 

k 

< \{P{RXu,i,{RXu)\ + II [X, {RXn' < 

< mXPu, {rXu)\ + \{[x\ {rX]u, {rXu)\ + ||[x, {rXm'. 

Again, taking Pu = 0, and expanding [X^, {R'^)^] = X[X, (i?^)^] + 
[X, {R'^)ip\X, we find, as before, with a weighted Schwarz inequahty 
and integrating by parts one X — —X*, 

(3.5) mx^wi + w^iRX^f + 

k 

< \{[X, {R')^]Xu, iRXn)\ + \\[X, {R')M' 

Now on the right, when X = Xi, the result, as wc saw above, still 
has an Xi, which we integrate by parts in the case of the inner product: 



(3.6) |([Xi, {RX]XiU, iRXu)\ + II [Xi, {RXW 

d 

< s\\Xr{RXuf + 5] \\{R''-''X(a,)X^uf 

di=l 

On the other hand, when X = X2, we have nearly pure powers of tDt, 
which it will be necessary to convert into pure powers of Xi = Dt (from 
which we started, but, we note, of at most half the order). 

Proposition 3.1. 

where 

'\ (-!)'"(£ - my-^ (-1)™(£ - my 



m\U — m — 1)\ ^ m\{l — v(i\\ 

m=0 ^ ' m=0 ^ ' 
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< 



i=i 



t^Djv\ 



and hence in \t\ < 1, 



\Nbv\ 



6'=0 



h'=0 



h'\ 







< C^sup 


V<b 


b'\ 



The particular expression for the coefficients is proved by induc- 
tion and can be understood by a kind of over-counting/under- counting 
argument. 

Thus for X2, 

(3.7) {RWX^u, {RXu)\ + II {RWu^ 

< \{t'<p^''+'^N,X,u, iRXu)\ + WtV^'^Nauf 



< C^sup \\(p 

d'<d 



{d+l)-_ 



d' 



+ e\\{R%u\ 



or in all, 
(3.8) 



\\(RXu\\i + \\X(RXu\\' + \\{RXXu\\' 

k 



<cj^\\{R'-'Xa,,xM? + c'^u^ llv'^'^-^^^^^^ir 



di=l 



(i.e., with or without X2 in the last term). Iterating on the first term 
on the right, eventually only the last term survives: 

(3.9) mx^wi + \\x{rx^\\^ + wiRX^^w 



< C^sup |(^^'^+^^| sup II 



X'^'+^u 



d./d""(d' + l!)" 
for any cp, (p with <^ = 1 on the support of </?. 
Recalling the previous bound 

(3.10) llV'^^^illi + WXii^x^uWl^ + Wi^xp+^uWl^ 

k 

< sup p''sup|^(^-)|||(i?'')^«||i., 

j+2d=p 

valid for any ip = 1 on the support of ■?/', we have the choice of starting 
with X's, reducing the order by half, introducing {R'^)ip and iterating 
that until we are back to X's or start with {R'^)ip, reduce to X's until 
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they bracket to yield pure R's at half the order. In either order, after 
one full cycle, we need a new localizing function each time {R'^),^ is put 
together. Thus in starting with N derivatives to estimate, after log2 
full cycles, the number of free derivatives on u will be only a bounded 
number. 

For definiteness, we follow the cycle starting with powers of X's, and 
introduce for a moment the new norms 



\\\ij,XP,u\\ \ = II^X^mIIi + \\XiIjXPu\\l2 + WipXP+^u 



\L2 



and 

\\\{R'')^,u\\\ = \\{R'')^u\\i + \\X{R'')^u\\l2 + \\{R'')^Xu\\l^, 

k 

so that the above may be written 

(3.11) mX,u\\\<C'snp—^\\\^^'^'\x''^\^ 

d'<d [a + i ! 



u\ 



for any if and 



(3.12) |||^,X^w|||< sup /sup I^^^^IIIKi?'^)^, will, 

j+2d=p 

Thus we start with ip = cpi (the first in the sequence of precisely 
nested localizing functions (cf. ()2.12|) ) for a fixed N = Ni & N: 

||^^^«||L2(ni) ^ |||<^i,X^Sn||| ^ |||^i,X^\n||| 
— WT'i — 



N,'\np\^f'^\\\\{R'%,u\\\ 
sup ^ — - 

«l+2£i=JVi Nil 
N2<Ni<Ni 



< sup 



tl+2Si=Ni Nil 
N2<Wi<Ni 

with any if = 1 near the support of (pi. 

Now there is some freedom in the choice of (p, since all that we have 
required is that it be one on the support of ipi, and we pick the largest 
index k consistent with 6i, i.e., Nj. > 6i > Nj^^i and k > 2 since 
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ii + 25i — Ni.) Thus with (p — cp^ and together with the other estimate: 



(3.13) 1 1 1 {R%„u\ 1 1 < sup ip^t'^ I sup ' ^' 

S'<S [0' + ij! 



we arrive at 



< sup 



-'^1 N2<Ni<Ni jy^ 



(f) A'i'^'c'sup|v>r"l 



< sup -^^ — sup 

e+26=Ni AT Nk+i<Nk<Nk+l AT * 

JV2<JVi<Ari+l 1 k>2 -"fe 

< sup -^^ — sup 



JV2<Ari<iVi 1 fc>2 



< C^'^ sup sup ~ 

e+2S=Ni ^ ^ iVfc+l<JVfc<JVfc+l yy 

fc>2 

Now the expressions in the first supremum increase as k decreases, 
bounded by d^^^^'^^^ /2^'^'^^. Iteration will introduce another coefficient 
bounded by C^2rf-{^2+i)/22{Ar2+i)^ ^hen next by C^3rf-(^3+i)/23{iV3+i)_ 

Since 

iteration at most log2 N times will lead to a product 



times a constant depending only on the first few derivatives of u in the 
largest open set encountered. 

This yields the analyticity of u in the smallest open set since all 
estimates are uniform in N. 
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4. The case of non closed bicharacteristics with non 

trivial limit set 

We want to study a model of the form 

P{t,x,D^,D,) = Dl + Xl 

where 

X2 = gi{x)g2{x)[xxD2 - X2D1 + //(xi^i + X2D2) + t''{xiDi + X2D2)], 

gi{x) = \x\'^ — a^, 

g^[x) = 6^ - Ixp, 

with < a < 6 in the open set a < \x\ < b and > is a given 
constant. 

The characteristic set of P in the above mentioned region is Char(P) = 

{r = 0, Xi^2 - X2^1 + l^{Xi^l + X2^2) + f'ixi^i + = 0}. 

As for the Poisson stratification of P we have 

Ei = {t = 0, Xi^2-X2^1+l^{Xi^l + X2^2)+t\xi^i+X2^2) = 0, t ^ O}] 

T,2 = {t = t = 0, xi^2 - X2ii + Ai(xi^i + X2C2) = 0, xiii + X2C2 7^ 0}; 

= {0}, 

i.e. the zero section of i?*R^ over the above specified region. 

Evidently, since codim S2 = 3, S2 (or rather its connected compo- 
nents) is not a symplectic sub manifold of R*M.^. 

Let us take a look at the Hamilton foliation of S2. Define 



1 

-1 I, 



(4.1) A 
so that 

(4.2) S2 = {r = = t, {x,AO = 0}, 

where x = {xi,X2) and ^ = (^1,^2), ^ 7^ and (x,^) 7^ 0. 

Then we know that {x,A^) = on every leaf in E2, i-e. on every 
integral curve of the Hamilton field of {x, A^) issued from a point in 
S2. 

The Hamilton system is 

(4.3) X = gi{x)g2{xyAx 

i = -9i{x)g2{x)A^. 
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We easily see that, because of the structure of the matrix A, we have 



so that both the spatial and the covariable projections of the bicharac- 
teristics are logarithmic spirals. Moreover the spatial projection spirals 
between the two asymptotic circles gi{x) = 0, z = 1,2, which are sta- 
tionary orbits of the first two equations in ()4.3|) . 

We point out that dt{x,C,) = 0, so that {x,C,) is constant along the 
orbits and that once the first two equations in ()4.H|1 are solved the secon 
couple — i. e. the covariable projection — is easy: 



where is its initial data. 

We may apply to the operator P Theorem 4.2 in ^T] and conclude 
that, if 7o denotes a segment of a bicharacteristic curve in S2, then 
either 70 C WFa{u) or 70 fl WFa{u) = 0, where m is a solution of 
Pu G in some open set. 

Let now U be an open set in projecting onto an annulus of the 
form a < \x\ < b in the x- variables. By iteratively applying the above 
mentioned theorem one can prove the following 

Theorem 4.1. Let u be a distribution such that Pu G C^{U), U being 
defined as above. Then if both circles gi{x) = do not intersect WFa{u) 
we have that u G C"^(?7). 
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